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The main result of the paper is Theorem 1. It concerns the sets of integral symmetric matrices
with given block partition and prescribed row, column and black sums. It is shown that by inter-
changes preserving these sums we can pass from any two matrices, one from each set, to the other
two ones falling ‘‘close” together as much as possible. One of the direct corollaries of Theorem 1 is
substantiating the fact that any realization of r-graphical integer-pair sequence can be obtained
from any other one by r-switchings preserving edge degrees. This result is also of interest in con-
nection with the problem of determining s-complete properties. In the special cases Theorem 1
includes a number of well-known results, some of which are presented.

The paper has been inspired by the researches concerned with the properties
of graphical integer-pair sequences (edge degree sequences) and their realizations.
These sequences extend the concepts and results of the well-known theory of
degree sequences (i.e. vertex degree sequences) and described the structure of graphs
much more than degree sequences [6], [7], [10], [15). In view of this there arises the
necessity of receiving effective auxiliary means for solving the problems dealing
with integerpair sequences and adjacency matrices'of their realizations. Note that
in the degree sequence theory (as in-the theory of integral matrices with prescrlbed
row and column sums) such means are various theorems concermng getting any
realization (matrix respectlvely) from any other by simple-operations,. such as swit-
chings (interchanges), preserving vertex degrees (row and column sums respectively)
(21, (31, [3), [11], [12].

The main result of our paper is Theorem 1. It concerns the sets of integral
symmetric matrices with given block partition and prescribed row, column and
block sums. It is shown that by interchanges preserving these sums, with some
additional assumptions none of which can be ommited, we can pass from any two
matrices (one from each set) to the other two ones falling “close” together as much
as possible. One of the direct corollaries of Theorem 1 is substantiating the fact that
any realization of r-graphical integer-pair sequence can be obtained from any other
one by r-switchings, called r-exchanges, preserving edge degrees. This result is also
of interest in connection with the problem of determining s-complete properties
[4], [9). In the special case of trivial block partition Theorem 1 includes a number
of well-known results, in particular Changphaisan’s Interchange Theorem and
Kleitman—Wang—Kundu’s K-factor Theorem, some of which are presented in
the last section.
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1. Terminology, notation

All, J] denotes submatrix of A whose rows are indexed by I and whose
columns are indexed by J. Let ]]A]]—-Z lai;l, where a;; are entries of matrix 4.

If R=(ry, ..., )y S=(%, ..., 8,) are nonnegatlve integral vectors, I={l, ..., m}=

x z
=L, J={l,...,n}=J; are partitions, K=[k;;] is xXz integral matrix,
1 1 X

I=r=e then U;=U(R, S, K, r| C:J I, LzJJ ;) denotes the set of all mXn integral
matrices A=[a;;] satisfying the following conditions:
Osa;=r [ALJY =1, ALY =55,
lALL, JI = ki (block sums),
for i=1..m j=1..,n

If r=1 and partitions of 7, J are trivial, i.e. x=z=1, we have class U(R, §, 1)
of (0, 1)-matrices [3]. _
Let R=(Fy, ..o Fu)y S=(1s ..., §,), K=[k,;]. We say that sets U, and U,=

=U(R, §, K,rlfj L, LZJJ ;) are compatible on rows (on column respectively) if
1 1

[(r;=F)—(r;—Fl =1 (I(si—5)—(s;—5)] =1 respectively)

whenever i, j€ I, (i, jeJ, respectively). We call sets of matrices compatible if they are
both row and column compatible.

Denote by U,=U(R, K, r]U I) the set of all mXm integral symmetric
1

matrices A=[a;;] satisfying the following conditions:
0 = au é r, trace (A) = 0, “A [i, I]" =T, HA [Ii, IJ]H = ku

for i=1,...,m, j=1,...,m. If r=1 and partition of I is trivial, ie. x=1, we
have class U(R, 1) of (0, 1)-matrices. As seen below, the introduction of block sums
k;; is motivated by edge degree sequences. It may be remarked that if’ |r,—r;|=1,
fsp— q|-l whenever i, j€1, p, g€J, then criterions for the nonemptmess of Ul, U,
can be easily derived from constructive proof of Existens Theorem in [7].
Let A=[a;;] be an integral matrix such that a,>0, a,>0, au<r, a,<r.

We define a r-interchange f=(kglh) to be a transformatlon which replaces the
2X 2 submatrix

[“kt akk]

Qgt Qgn

[akl_l akn‘l'l]
agt+1 ag—11"

of matrix 4 by 2X2 submatrix
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We define a r-transfer f=(kglh) to be a r-interchange in which either {k, g}<S1,,
or {l,h}SJ, for some s. A symmetric r-interchange (or symmetric r-transfer)
additionaly replaces the 2XX 2 submatrix

[alk alg]
Apx Gpg
of symmetric matrix 4 by 2X 2 submatrix

[a,k—l alg+l
a,,k+l a,,g—l

with restriction that {/, h}N{k, g}=0. Obviously, r;, s;, k;; are invariant under
r-transfers. ) .

By r-graph is meant a loopless undirected graph in which no two vertices
are joined by more than r edges [1]. 1-graphs and eo-graphs are correspondently
graphs and multigraphs. R-switching t=(abcd) where a, b, ¢, d are distinct is a
transformation of a r-graph G to a r-graph H by replacing two edges ac, bd in G by
two edges ad, bc [5]. By r-exchange is meant a r-switching t=(abcd) in which degrees
of vertices a, b are equal [8].

A sequence

(1) R= T15 T2y coes Iy

is called r-graphical if there exists a r-graph G with m vertices vy, ..., v,, such that
degree of v; equals r; for i=1, ..., m. Such a r-graph G is called a realization of R.
By degree of edge is meant an unordered pair of degrees of its end vertices. Edge
degree sequence of r-graph G without isolated vertices (r-graphical integer-pair
sequence) can be written in the following form:

(2) {(di, dj)kli} 1=i §j =x

where dy, ..., d, is a degree set of r-graph G (realization respectively). It may be
remarked that for r-graph G without isolated vertices edge degree sequence uniquely
determines its vertex degree sequence.

The property P is called switching complete (s-complete) if for any two graphs
G, H with the same degree sequence, both satisfying property P, there is a sequence
of 1-switchings which transforms G into a graph isomorphic to G, all intermediate
graphs satisfying property P. The problem of determining s-complete properties
has been posed in [4].

2. The main result

Theorem 1. Let A€U, and BEU,=U(R,K,r|\J1L). For each I, there exists a
1
dy with ri—¥;=d; or di+1 for jel,. If x>1 then for each I, there exists e;, g;
with r;=e; or e;+1 and F;=g; or g;+1 for jelI,.
Then there exist sequences of r-transfers taking A, B into matrices M, N
which dijfer by the least possible:

=N = 3 ley =
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Proof. Let A=l[a;;], B=[b;], C=|c;;], C=A—B. Suppose that |Cll> 3 |k,—E,l.
Then there exist integers m, g such that -

“C[ m? q]“ = |kmq mql = |i€;’ Cljl'
jel,
Hence C[1,, I,] contains entries of opposite signs: ¢;;>0, c,;<0. It is assumed
throughout this proof that r-transfers £, f* with odd (even respectively) subscripts
are performed over matrix A (B respectively). Consider two cases.

Case 1. The sentence (i=g)V(j=h) is true. Let, for example, i=g. Since
¢;i=Cuw=0, C;=Cpnps ¢;j=ciy+2 and

lz ¢ =2 e = I(r;—F)—(r—F)| = 1

then there exist ksj, h such that ¢;< Cn- The last inequality 1mphes r<ay+
+(" ay )+ (r—byp)+by;.

In the right side "of the above inequality all summands are nonnegative and
not exceed r. Hence at least three of them are positive. It follows that there arise the
following two possibilities:

1) akj =< r, iy = 0;
2) bkj>0,bk,,<:7'.

Obviously, a,;=0, b;,<r, ay,<r, by=0. Let fi= (gkjh) JSo=(ikhj). If possibility u)
of (3) holds, where u€{l,2}, then the r-transfer f, is allowable. Now let 4,, B,
be matrices obtained from A, B respectively by performing the r-transfer j:, (one of
4, B is not altered). Then since ¢y,>¢y; it follows that

(ICl -4, —B:)2 = |cijl+lcihl+]ckjl+|ckh|_—|ci1—1] —lcn;'i'll —la+U—lew—1l =
= (ay;=by) +(byy—ay) —(a;;— by — 1) —(by—ay— 1) +le | —lerj+ 1 +lewl =
—ley—1} = 2+Ickjl_{ckj+ll~+l‘.:khl-—lckh -1l =2.

Case 2. The sentence (i=g)V(j=Hh) is false.

If g=j then cg,—c,,>0 (g, h), (g, D)ELXT,, I,=1I, ie. the Case 1 takes
place. The case i=h 1s similar. A situation of Case 1 arises prov1ded lcal + Ingl #0,

Suppose now g#j, i#h, ¢;;=¢,;=0. Asbefore a;;=0, b;;<r, ay<r, by,
Note that there exists ¢34, g such that ¢;<c,. It follows that elther c,1<0 or
c>0, hence provided x=1 a situation of Case 1 arises. So we can further suppose
that x>1, Consider two subcases.

)

Subcase A. |a;;—ay|<r. Then either a;,>0, a,;=0 or a,<r, a;<r. By
analogy with the Case 1, taking in consideration ¢;=c,;=0, we conclude that
there are k, I such that {k, }N{i,/, g, h}=0, c,j<cu, cy<cy, ie. one of the
possibilities of (3) holds and one of the following holds:

3) ag<r,a;>0;

4 ,
( ) 4) bu = 0, bﬂl < T.
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Denote f,=(igsl), fi=(gis]), fi=(skjh), fi=(skhj), fi=Cigil), fi=(gihl)
Let the possibility «) of (3) and the possibility v) of (4) hold where u€ {1, 2}, v€ {3, 4}.
If ay>0, a,;=0 then we perform successively r-transfers f,, f, over corresponding
matrices, in so doing substitute s by j in f, provided u=1 and sby hin f, pro-
vided u=2. If ay<r, a;;<r then we perform successively r-transfers f;, f, over
corresponding matrices, in so doing substitute s by g in f, provided v=3 and s by
iin f; provided v=4. Now if A;, B, are matrices obtained from A4, B respectively
by performing above r-transfers then taking into account inequalities

leest+ el =lexy + 1l =lew =11 = 0,
lewl +legl =leu+ 11 =leu =11 2 0,

(UCT 42— Bul)/2 = leijl +leg] =ley =11 =leg+1] =
= ¢yy—(cyy—D—cy+(c+1) = 2.

we have

Subcase B. |a,;—ay|=r. Without loss of generality we assume that a;,=r,
a,;=0. Let k, I be the same as in previous Subcase. If either b, ;> by, or the possi-
bility 2) of (3) holds then we perform the r-transfer f,. Suppose that b,;=b,, and
the possibility 1) of (3) holds. Since b;;<by,, b,;<b,, there exists p=j h, k, i, g
such that b,;>b,. Denote f;=(kphj), fs=(iphj). Now if c,;<c,, then we per-
form the r-transfer f;. If c¢,;=c,, then we perform successively r-transfers f;, f;
over corresponding matrices. In any of just listed possibilities, as a result of per-
forming indicated r-transfers, b;; increases by 1, b, decreases by 1 whereas the sum
of absolute values of entries in positions (k, /), (k, k), (p,j), (p, h) of new matrix’s
difference does not increase in comparison with corresponding sum of matrix C.
Next, similarly with k replaced by 1, we make a;, be decreased by 1, a,, be increased
by 1 whereas the sum of absolute values of ‘entries in rows i and g, other than in
positions (i, k), (g, k), be not increased in comparison with corresponding sum of
previous one. Thus, if 4,, B, are matrices obtained from A, B respectively by per-
forming the above r-transfers then

(ICl=41=B:)/2 = leyl —leyy =+ leal —legn+ 1+ el —lew—~1+1] =
= cij—(c,-j— 1)_cgh+(cgk+1) = 2.

Summarizing all above mentioned we conclude that by r-transfers one can
pass from A, B to matrices M, N respectively such that

“M—N" = SZ" Ikst-EstI'

This value is the least among possible ones. [
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3. Corollaries of the main result

Obviously, the technique of the proof of Theorem 1 can be used, even with
some simplifications, to obtain the following analogue of that concerning sets of
asymmetric matrices.

Theorem 2. Let AcU,, BEU, and let U,, U, be compatible. Let |r;—r;=1,
Fi—Fil=1 (s5;—s|=1, [5;—5;|=1 respectively) whenever x#1, z#1 and i, jEl
(i, jeJ respectively).

Then there exist two sequences of r-transfers which transform A, B into mat-
rices M, N respectively such that

HM-N" = g lkst—kstl

and this value is the least among possible ones.

Remark 1. The Theorems 1—2 may fail to hold if the conditions |ri—r;l=1,
[Fi—Fl=1, |s;—s)]=1, |5;—35;|=1 are omitied. Thus, let R=5S=R=8=(3, 1,1, 3),

- [22
K”K“[z 2)

r=1, Ii=J,={1, 2}, I,=J,={3, 4}. Obviously, in this case U,=U,={4, B} where

B=

— o O
OO O -
-0 O 0
f— ) el et
-0 O O

O OO -
— " D)

1
1
0
1
But
[A—B| =8 > 3 [ky—kyl = 0.
5,

Remark 2. The Theorems 1—2 may fail to hold if the condition of compatibility is
omitied. Thus, let S=(2, 1,2, 1), R=(3,3), §=(2,1,0,1), R=(2,2), r=1, I;={1},
12= {2}3 Jl= {la 2}: J2= {3, 4}:

w=[ia) &=L

Obviously, in this case |U;}=|U,|=1 and
1110 1001
A_[l 01 1]’ B_[I 10 0]
where A€U,, BeU,. But
[4=Bl =6 > 3 lky—Ful = 4

Remark 3. The Theorems 1—2 may fail to hold even though partitions of
IJ are trivial and the condition of compatibility is omitied. Thus, Iet
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R=5=(8,8,4,4,4,2,2,1,1), R=8= (444400000) r=1. Obviously, in
this case |U =1, ||B[{l 2,3,4} {1,2,3, 4}]9—16 where Be U,. 1t is immediately
verified that for all A€ U, |A[{1 2,3, 4} {1,2,3,4}]|| =15, ie. BxA.

Observe also that U(R—R, S— 8§, 1)0. Thus, the last of the above examples
disproves conjecture of Bruald1—Anstee [3]

Theorem 3. If G and H are r-graphs with the same edge degree sequence (2) then
there is a sequence of r-exchanges which transforms G into a graph isomorphic to H.

Proof. The sequence (2) uniquely determines vertex degree sequence (1) of r-graphs
G, H without isolated vertices. Number vertices of G, H so that identical vertices
have the same degrees. Suppose that i¢l, if and only if r,=d,. Then adjacency

X
matrices of r-graphs G, H belong to U(R, K, r|U I) where K=[2%k;]. Since
1

a r-exchange of r-graph corresponds uniquely to a symmetric r-transfer of its adja-
cency matrix the theorem now follows from Theorem 1. J§

Corollary 1. The property of “having a fixed edge degree sequence” is s-complete. |

Since a r-switching of r-graph corresponds uniquely to a symmetric r-inter-
change of its adjacency matrix the following corollaries are immediate consequences
of Theorem 1.

Corollary 2 [5]. If G and H are r-graphs with the same vertex degree sequence then
there is a sequence of r-switchings which transforms G into a r-graph isomorphic to H. i

Corollary 3. [13], [14]. Let sequence (1) be l-graphical, R=(ry—ky, ..o, Iyy—H)s
0=R=R, |ki—k;|=1 for all i,j. Then exists a realization of (1) contammg a
(ks oeus k) factor if and only if R is 1-graphical. }

The following result is an immediate consequence of Theorem 2.

Corollary 4. If matrices A, BEU(R, S, r) then there is a sequence of r-interchanges
which transforms A into B.

Sctting r=1, Corollary 4 becomes the well-known Ryser’s Theorem [16].
Also Corollary 4 is a special case of Corollary 2.4 [17].

Theorem 4. Let U(R, S, r), U (R, S, r) be nonempty and column (row respectively)
compatible, R—R=0 (S—S=0 respectively). Then there is a matrix ACU(R, S, r)
and matrix B€U(R, S, r) such that B=A.

Proof. Let U(R, S, r), U(R, 5, r) be column compatible and let 4, B belong to
these sets respectively, C=4—B. Note that in the course of proof of Theorem 1
row compatibility is used in the situation when two entries of opposite signs belonging
to the same column of matrix C are considered and partitions of I, J are trivial:
for example, €;;>0, =<0, j= h. But r,—F,=0. Hence there exists s=h such
that ¢,,>0, and in this situation, for entries cy,c,, column compatibility is

applyed |
Setting r=1, Theorem 4 becomes the Anstee—Brualdi’s Theorem [3].
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